The coefficients a i (p) are spectral invariants and are given by integrals, with respect to the Riemannian measure, of expressions involving the curvature and
Introduction
To what extent does spectral data associated with the Hodge Laplacian dd * + d * d on a compact Riemannian manifold M determine the geometry and topology of M ? If M is closed, the Hodge Laplacian acting on the space of smooth p-forms on M has a discrete spectrum which we denote spec p (M ). If M has boundary, then one may impose either absolute or relative boundary conditions on the p-forms (see [BBG1, 2] ) in order to obtain a discrete spectrum; the two types of boundary conditions are the natural analogs of the Neumann and Dirichlet conditions for functions and coincide exactly with these conditions in case p = 0. We will denote by spec p (M ) the spectrum of the Hodge Laplacian acting on p-forms satisfying absolute boundary conditions. As will be explained in 1.2, this spectrum is identical to the spectrum of the Hodge Laplacian on p-forms satisfying relative boundary conditions in the situations we will consider.
One of the primary tools for recovering geometric and topological information from the spectra is through the small time asymptotics of the heat equation. See for example, [Gi] . For closed manifolds, the trace of the heat kernel associated with the Hodge Laplacian on p-forms has an asymptotic expansion of the form ζ(t) = (4πt) −n/2 (a 0 (p) + a 1 (p)t + a 2 (p)t 2 + . . . ).
its covariant derivatives. The first three heat invariants are given as follows: a 0 = vol(M ); a 1 (p) = C(p) M τ , where τ is the scalar curvature and C(p) is a constant depending only on p; and a 2 (p) is a linear combination, with coefficients depending only on p, of M τ 2 , M Ric 2 and M R 2 .
For manifolds with boundary, the expansion is instead in powers of t Is the vanishing of the heat invariant a 1 2 (m) for M 2m a weakness in the heat asymptotics, or is the volume of the boundary not an invariant of the mspectrum? The purpose of this note is to show that the latter is the case. In fact, not only can one not tell the volume of the boundary from the spectrum on m-forms, one cannot even tell whether M has boundary. In particular, we will see that a 2-dimensional cylinder (with boundary), a Klein bottle and a Möbius strip, all of consistently chosen size, have the same 1-spectrum. Moreover, a cylinder of height h and circumference w has the same 1-spectrum as a cylinder of height w 2 and circumference 2h for any given h, w > 0. Similarly, one can construct 1-isospectral Möbius strips of arbitrary different perimeters. These examples and analogous ones in higher dimensions are described below.
The heat invariants and wave invariants are the primary known sources of spectral invariants and have provided rich information. However, except for the first few invariants, they are very complicated. It is natural to ask whether the invariants are really capturing the geometric information contained in the spectrum or whether they are too weak. For example, are the three individual integrals appearing in the heat invariant a 2 spectral invariants? Dorothee Schueth [S1] answered this question negatively by constructing continuous families of simply-connected closed manifolds whose Laplacians, acting on functions, are isospectral but for which the three individual integrals appearing in a 2 vary non-trivially. She also observed that the same phenomenon occurs for some earlier examples of isospectral deformations appearing in [GGSWW] . Schueth's examples along with the examples given here support the idea that the heat (and wave) invariants do reveal at least a substantial part of the geometric information contained in the spectrum.
A second theme of this paper concerns the spectra of Riemannian orbifolds. Riemannian orbifolds are analogs of Riemannian manifolds but with singularities. They are locally modelled on quotients of Riemannian manifolds by finite effective isometric group actions. The singularities in the orbifold correspond to the singular orbits. One can define the notion of Laplacian on p-forms on orbifolds. A natural question is whether the spectrum contains information about the singularities. We will see that the spectrum on m-forms doesn't even determine whether a 2m-dimensional orbifold has singularities, i.e., whether it is a smooth manifold. For example, we will see that the mutually 1-isospectral cylinder, Klein bottle and Möbius strip are also isospectral to a "pillow", a 2-dimensional orbifold with four singular points, so named because of its shape.
All the manifolds and orbifolds constructed in this note are flat. R. Miatello and the second author computed the spectra of arbitrary compact flat manifolds and have constructed many examples of isospectral flat manifolds. Every closed flat manifold is finitely covered by a torus. Moreover, some compact flat manifolds with boundary, including cylinders and Möbius strips, may be viewed as quotients of tori by involutions with fixed points. For example, the cylinder is a quotient of a torus by a reflection. The isospectrality of the examples constructed in this note follows from the computations in . However, since the computation is especially easy for the manifolds considered here, we include a proof of isospectrality for completeness.
We conclude these introductory remarks with a partial history of the isospectral problem for the Hodge Laplacian. For a general survey of isospectral manifolds, see [Go3] . The most widely used techniques for constructing isospectral manifolds, such as the technique of Sunada [Sun] , involve group representations. In general these techniques produce locally isometric manifolds which are strongly isospectral; in particular, the manifolds are p-isospectral for all p. Thus they do not reveal possible differences in the geometric information contained in the various p-spectra. (H. Pesce [P1,2] , however, showed how representation methods could be used to construct manifolds which are p-isospectral only for certain p; his method can be used to explain various earlier examples which were constructed by explicit computation.) The articles [Go1] and [Gt1, 2] give examples of 0-isospectral manifolds which are not 1-isospectral. (The 0-spectrum, i.e., the spectrum of the Laplacian acting on smooth functions, is frequently referred to simply as the spectrum of the manifold.) Ikeda [Ik] constructed, for each positive integer k, spherical space forms which are p-isospectral for all p less than k but not for p = k. More recently, many examples have been constructed of 0-isospectral manifolds with different local geometry, e.g. [Sz1, 2] , [Go2, 4] , [GW] , [GGSSW] , [GSz] , [S1-3] and [Sut] ; in general these manifolds are not pisospectral for p ≥ 1. For example, pairs in [Sz1, 2] show that the 0-spectrum doesn't determine whether a manifold is homogeneous; a pair in [GSz] shows that the 0-spectrum alone does not determine whether a manifold has constant scalar curvature, although Patodi [Pa] proved that the 0-spectrum, 1-spectrum, and 2-spectrum together do yield this information. The first examples of manifolds which are p-isospectral for some values of p but not for p = 0 were flat manifolds constructed by R. Miatello and the second author in . Examples in [MR3] show that, at least for many positive values of p, the p-spectrum does not determine the lengths of the closed geodesics. R. Gornet and J. McGowan (private communication) very recently constructed examples of spherical space forms which are p-isospectral only for certain p, not for p = 0.
The second author wishes to thank the mathematics department at Dartmouth College for its great hospitality during the time this paper was written. (ii) For k a positive integer, we will denote by k#spec 0 (M ) the disjoint union of k copies of spec 0 (M ); i.e., k#spec 0 (M ) is obtained from spec 0 (M ) by multiplying the multiplicity of each eigenvalue by k.
We will also consider the spectrum of the Hodge Laplacian acting on p-forms on compact Riemannian orbifolds. Roughly, a Riemannian orbifold is a second countable metric space which is locally modelled on quotients of Riemannian manifolds by finite isometric group actions. The points in M which are fixed by a non-trivial element of Γ are called singular points; the type of the singularity is the isomorphism class of the isotropy group Γ p . An orbifold O is said to be good if O = Γ\M where M is a Riemannian manifold and Γ is a discrete group of isometries acting effectively and properly discontinuously on M . We will be interested only in good orbifolds O. The notion of smooth p-form can be defined on arbitrary orbifolds; in the case of good orbifolds O = Γ\M , the smooth forms on O correspond to Γ-invariant smooth forms on M . Notation 1.3. We will denote by spec p (O) the spectrum of the Hodge Laplacian acting on smooth p-forms on O. In the case of good orbifolds O = Γ\M , the spectrum spec p (O) coincides with the spectrum of the Hodge Laplacian of M acting on the space of smooth Γ-invariant p-forms. Observe that A m + (T ) is invariant under the Hodge Laplacian on T since τ is an isometry of T .
We first assume the lemma and prove the Theorem.
Proof of Theorem 1.4. In case τ acts freely on T , the space of smooth m-forms on M corresponds to A m + (T ), and (i) follows from the lemma. In case τ does not act freely, then A m + (T ) corresponds to both the space of smooth m-forms on the orbifold O and, in the case of (iii), to the space of smooth m-forms on the underlying manifold M which satisfy absolute boundary conditions. Thus (ii) and (iii) also follow from the lemma.
Proof of Lemma 1.5. Let I vary over m-tuples
we will refer to the dx I as basic forms. We identify these translation invariant forms on R 2m with m-forms on T .
The isometry τ lifts to the composition of a reflection R of R 2m together with a translation. Letting k denote the multiplicity of the eigenvalue −1 of R, we may rotate coordinates so that R * dx i = −dx i , 1 ≤ i ≤ k, and R * dx i = dx i for i > k. For I an m-tuple, write ǫ(I) = + or ǫ(I) = −, depending on whether an even or odd number of indices in I are less than or equal to k. Then τ * dx I = ǫ(I)dx I .
The Euclidean Hodge duality operator * leaves invariant the set of basic forms. The fact that τ is orientation reversing implies that k is odd and, consequently, * interchanges the τ -invariant basic forms with the τ -anti-invariant ones. In particular, the subset of τ -invariant basic forms and the subset of τ -anti-invariant basic forms each have cardinality An arbitrary smooth m-form on T is given by Σ I f I dx I with each
The lemma now follows from equation (1) and the fact that ∆(
Examples
We begin with 2-dimensional examples.
Theorem 2.1. The following, with appropriately chosen sizes, are mutually 1-isospectral:
For the definition of the pillow as well as explicit constructions, which clarify the phrase "appropriately chosen sizes", see the last paragraph in the proof below.
Proof. Let T = Z 2 \R 2 . Appropriate choices of τ as in Theorem 1.4 yield the first three quotients:
(i) For the Klein bottle, we take τ to be the composition of translation by ( , where (x, y) are the standard coordinates on R 2 . (ii) For the cylinder, we take τ to be the reflection in (i).
(iii) For the Möbius strip, we take τ to be reflection across the line x = y. Thus by Theorem 1.4, the Klein bottle, the cylinder and the Möbius strip all have the same 1-form spectrum.
The (four) pillow is the quotient of T by the involution induced from the rotation ρ of R 2 of angle π and center the origin, i.e., by ρ = −Id. It is a pillow-shaped orbifold with isolated singularities at the four corners. We again denote this involution of T by ρ. Since ρ is not orientation reversing, we cannot apply Theorem 1.4. However, since dx and dy are both ρ-anti-invariant, equation (1) in the proof of Theorem 1.4 shows that spec 1 (O) is formed by two copies of the spectrum of the Laplacian of T acting on the space of ρ-anti-invariant smooth functions. By Fourier decomposition on the torus, it follows easily that spec 1 (O) = spec 0 (T ), which by Theorem 1.4 is the same as the 1-form spectra of the manifolds in (i)-(iii). 
Thus cylinders of arbitrary different perimeters can have the same 1-form spectrum.
Proof. Let T be the rectangular torus of height a and width b. Each of the two cylinders is a quotient of T by a reflection across a line parallel to one of the coordinate axes. Thus they are 1-isospectral by Theorem 1.4.
Remark.
One similarly obtains two non-isometric Klein bottles and two nonisometric pillows as quotients of T . The Klein bottles, the cylinders and the pillows all have the same 1-spectra. Proof. Let T = L\R 2 , where the lattice L is a rhomboidal lattice for which the diagonals of the rhombus have lengths p and p ′ . The two involutions of T given by reflection across the two diagonals yield Möbius strips of respective perimeters p and p ′ . They are 1-isospectral by Theorem 1.4.
We next consider higher-dimensional examples. Remarks. (i) One can also incorporate into the family in Theorem 2.5 of mutually m-isospectral orbifolds and manifolds a 2m-dimensional analogue of the pillow, obtained as the quotient of T 2m under the action of minus the identity. The pillow has only isolated singularities; i.e., the dimension of its singular set is zero. The proof of isospectrality is similar to that of Theorem 2.1.
(ii) In this paper we have concentrated on m-isospectrality of 2m-manifolds and orbifolds. However, for various choices of p, one can also obtain p-isospectral orbifolds with singular sets of different dimensions. This phenomenon will be discussed in a later paper.
